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Theoretical expressions for the complementary cumulative function of the anomalous phase angle a, are
worked out for three cases: a centrosymmetric crystal containing 1, 2 and 4 anomalous scatterers in the
unit cell besides a large number of similar normal scatterers. The results are used to study the influence of
the number of anomalous scatterers on the distribution of a 4. It is found that neglect of a4 in the computa-
tion of the final difference map will lead to the largest spurious effects when the number of anomalous
scatterers in the unit cell is least, namely, the P=1 case (the other conditions such as k and o} being

similar).

1. Introduction

The effect of the neglect of the anomalous phase angles
o4 (arising from the imaginary part of the atomic
scattering factor) on the final difference map computed
for the elucidation of finer details in the electron density
distribution has been studied earlier (Parthasarathy,
Sabesan & Venkatesan, 1970 — hereafter PSV, 1970).
This study was substantiated by making use of the
theoretical distribution of «, derived for the specific
case of a centrosymmetric crystal containing a large
number of anomalous scatterers in the unit cell besides
a large number of normal scatterers of similar scat-
tering power. Since in many actual cases the unit cell
contains a small number of heavy atoms and since the
distribution of o, is expected to be dependent on the
number of anomalous scatterers in the unit cell, it is
interesting to study how the number of anomalous
scatterers influences the distribution of a,. In this
paper we shall therefore work out such a distribution
for three typical cases: a centrosymmetric crystal
containing 1, 2 and 4 anomalous scatterers in the unit
cell; we shall refer to these as the one, two and four-
atom cases respectively. We follow the notation of the
earlier paper (PSV, 1970).

2. Derivation of the probability distribution of o,

Consider a centrosymmetric crystal containing P
anomalous scatterers of the same type and a large

* Contribution No. 442.

number (Q) of normal scatterers of similar scattering
power in the unit cell. From PSV (1970) we obtain
o4 to be

tan oy =|Fp|/|[Fyl=koyp/yn, 0<a,<m/2 (1)
where

yn=IFal/KIFN*>?,

o3 =<{IFp*>/{|Fnl?),

yp=|Fpl/{|Fp|*»!/?
k=Afp/(f3+4fp). (2)

By definition, the cumulative function of « , representing
the probability that the value of the anomalous
phase angle, o, is less than or equal to a given value
Y, say, is given by
N(eg)=Pos < ). 3)
Since tano, is a monotonic function of «, in
0<a, <m/2, we can rewrite (3) by making use of (1) as
N(a9)=P,(tan a4 <tan «%)=P,(ko,yp/yny <tan a3)
=P (yn=cyp) 4
where we have used the abbreviation

c=ko, cot al. (5)

For practical applications, it is more useful to obtain
the fraction of reflexions for which a,>a$ and this,
referred to as the comglementary cumulative function
[and denoted by N (a3)], is related to the cumulative
function through the relation:

Na3)=1-N(a3). (6)
From (4) and (6) we obtain:
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N(23)=1—P,(yn=cyp)=Pyn<cyp)

P(yy, yp)dyndyp
Yy < cyp

where P(yy, yp) is the joint probability density function
(hereafter called the PDF) of yy and yp. Making use
of the conditional PDF of yy for a given y, available
in equation (7) of Srikrishnan & Parthasarathy (1970)
we obtain:

2 \”2 |
Pomsn) = () exp =03+ abipict]

x cos h (%) P(ys) (8)
2

where P(yp) is the PDF of yp. Making use of (8) in (7)

we obtain:
exp [ —oty3/265]1P(yp)dyp

2 1/2
Yp

cyp
XJ exp (—yi/203) cos h(o1ynyp/a3)dyn. (9)

0

The integration over yy can be carried out by use of
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the result in equation (5) of Srikrishnan & Parthasara-
thy (1970). We obtain

Nfad)= %f [erf (B+yp)+erf (B_yp)]P(yp)dyr  (10)
where we have used the abbreviation

o
ﬂiz_l-

l/20'2

Substituting for the PDF of yp in (10) and carrying
out the resulting integration the theoretical expression
for the complementary cumulative function of «, can
be obtained for each case.

[k cotad+1]. (11)

One-atom case

The single anomalous scatterer in the unit cell will
be at the centre of symmetry and yp=1 for each re-
flexion. Hence

P(yp)=d(yp—1). (12)

Substituting (12) in (10) and carrying out the integra-
tion by use of the property of the delta function, we
obtain:

N(eg)=4[erf (B+)+erf(B-)]. (13)

Table 1. Percentage of reflexions for which o4 > 5, 10 and 15° as a function of k and o2 for the cases P=1, 2,4 and M
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0,00 11 10 16 18 12 12 19 16 14 13 21 18 15 14 22 18 15 35 22 17 18 15 19 16 I8 15 18 15 12 13 s 8 910
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Two-atom case
Since the PDF of yp is known to be

2 1
Plyp) = “— a2 0<yp<]/2
we obtain from (10):
0 1 v
Noag) = /21 JO Lerf (B+yp)
dyp

+erf (B_yp)] (14)

1=y

Making the substitution y3/2=x in (14) and then ex-
pressing the error function in terms of the hyper-
geometric function by use of equation [ 11(iii)] on p. 46
of Sneddon (1961), we obtain

N a9 = J/s—,zj(l— TU2[B, Fi(3:3; —2B5 %)

+B-1F(5:3;-2p2x)]dx (15)

which on integration by use of equation [ 16(i)] on p. 47
of Sneddon (1961) yields

2 3/2
Nc(a2)= (E) [B+2F2 2 37977—'2B2)
+B-2Fa(3,1;3.3; —262)].  (16)

(16) is convenient only when 2f% are small. Otherwise,
a more convenient method to evaluate N(a3) is by
numerical integration of

1 /2
N/ (a9) = p J [erf(}/2B sin 6)
+erf(}/2B_sin 6)]d0 (17)

which is obtained from (14) after the substitution of
ye/l/2=sin#.

Four-atom case
Since the PDF of yp is known to be (Parthasarathy,

1965)
P(yp) = K(I/l—yp 4), 0<yp<2
we obtain from (10) that

(18)

2
No3) = % J ferf(B.yp)+erf(B_yp)]
0

x K()/1-y3/4)dyp. (19)
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Using the substitution yp/2=sin 6 in (19) we obtain

1
N« = %J‘ [erf 2B+ sin O)+erf (28_ sin 0)]
0

x K(cos 0) cos 6d6  (20)

which can be evaluated numerically.

3. Discussion of theoretical results

The complementary cumulative functions of a4 for the
one, two and four-atom cases are obtained in (13), (17)
and (20) respectively. These equations show that
N (o) depends on the number of anomalous scatterers
in the unit cell as well as on k and ¢? (which depend on
the type of the anomalous scatterer and its fractional
contribution to the local mean intensity respectively).
The values* of N(a,) as a function of k and o7 corre-
sponding to a, =35, 10 and 15° are given in Table 1 for
the various cases. The results for the many-atom case
(i.e. P= M case) of PSV (1970) are also given to facilitate
the comparison. Table 1 shows that the percentage of
reflexions for which «,>5°, say, is largest when the
number of anomalous scatterers in the unit cell is
least (i.e. P=1 case). It is also seen that this percentage
for the two-atom case is about midway between that
for the one and many-atom cases. It is interesting to
note that the result for the four-atom case is close to
that of the many-atom case. We may therefore con-
clude that, when the values of k and o7 are similar, the
spurious details in the final difference map due to
neglect of the anomalous phase angle increase as the
number of anomalous scatterers in the unit cell
decreases and that the spurious details would be the
greatest in the one-atom case.

One of the authors (MNP) thanks the University
Grants Commission, New Delhi, India, for financial
assistance.

* For the P=2 and 4 cases these values were obtained by numer-
ical integration [see (11), (17) and (20)].
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