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Theoretical expressions for the complementary cumulative function of the anomalous phase angle ~.4 are 
worked out for three cases: a centrosymmetric crystal containing 1, 2 and 4 anomalous scatterers in the 
unit cell besides a large number of similar normal scatterers. The results are used to study the influence of 
the number of anomalous scatterers on the distribution of ~.4. It is found that neglect of ~A in the computa- 
tion of the final difference map will lead to the largest spurious effects when the number of anomalous 
scatterers in the unit cell is least, namely, the P = 1 case (the other conditions such as k and o -2 being 
similar). 

I. Introduction 

The effect of the neglect of the anomalous phase angles 
~A (arising from the imaginary part of the atomic 
scattering factor) on the final difference map computed 
for the elucidation of finer details in the electron density 
distribution has been studied earlier (Parthasarathy, 
Sabesan & Venkatesan, 1970 - hereafter PSV, 1970). 
This study was substantiated by making use of the 
theoretical distribution of ~A derived for the specific 
case of a centrosymmetric crystal containing a large 
number of anomalous scatterers in the unit cell besides 
a large number of normal scatterers of similar scat- 
tering power. Since in many actual cases the unit cell 
contains a small number of heavy atoms and since the 
distribution of ~a is expected to be dependent on the 
number of anomalous scatterers in the unit cell, it is 
interesting to study how the number of anomalous 
scatterers influences the distribution of C~A. In this 
paper we shall therefore work out such a distribution 
for three typical cases: a centrosymmetric crystal 
containing 1, 2 and 4 anomalous scatterers in the unit 
cell; we shall refer to these as the one, two and four- 
atom cases respectively. We follow the notation of the 
earlier paper (PSV, 1970). 

2. Derivation of the probability distribution of aA 

Consider a centrosymmetric crystal containing P 
anomalous scatterers of the same type and a large 

* Contribution No. 442. 

number (Q) of normal scatterers of similar scattering 
power in the unit cell. F rom PSV (1970) we obtain 
~A to be 

tan C~A=IF~I/IF'ul=kalyp/yN, O<eA<rC/2 (1) 

where 
yN= iF'ul/(iF'Ni 2)1/2, yp= iF~l/(iF'pl2) a/2 

tr2=([F'pI2)/(lF'NI2), k=Af~,/( f°+Af 'p) .  (2) 

By definition, the cumulative function of~A representing 
the probability that the value of the anomalous 
phase angle, CA, is less than or equal to a given value 
0c °, say, is given by 

N(o~ °) = Pr(O~A <-- o~°a). (3) 

Since tan ct A is a monotonic function of ~A in 
0_< ~A--< zr/2, we can rewrite (3) by making use of (1) as 

N(~°) = Pr(tan ~A < tan ct°)= P~(ktrxyp/yN < tan ~o) 

= P~(YN >-- Cyp) (4) 

where we have used the abbreviation 

c-- k~r 1 cot ct ° . (5) 

For  practical applications, it is more useful to obtain 
the fraction of reflexions for which ~A >--~o and this, 
referred to as the complementary cumulative function 
[and denoted by Nc(~])], is related to the cumulative 
function through the relation: 

Nc(~t°) = 1 - N(c~°). (6) 

From (4) and (6) we obtain: 
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N<(~ °) = 1 - P,(Yl~ >- cyp) = P,(YN <- cyp) the result in equation (5) of Srikrishnan & Parthasara- 
f f  P(YmYp)dy~dyp (7) thy(X970).Weobtain/, 

N~(~°) = ½1 [eft (fl + yp) + erf (fl_ ye)]P(yp)dye (10) 
YN <- cyp 

where P(yN, yp) is the joint probability density function where we have used the abbreviation 
(hereafter called the PDF) of ys and y~,. Making use 
of the conditional P D F  of yu for a given yp available 
in equation (7) of Srikrishnan & Parthasarathy (1970) 
we obtain" 

( 2 "~ '/2 
P(Yu, YP) = t~-~)  exp [_ (y2  + 0"2y2),/20"22 ] 

x cos h ['0"'YNYP'~ P(yp) (8) 
t, ) 

0" 1 

fl± = [/20"2 [ k c ° t a ° - l ] "  ( i i )  

Substituting for the P D F  of yp in (10) and carrying 
out the resulting integration the theoretical expression 
for the complementary cumulative function of an can 
be obtained for each case. 

One-atom case 
The single anomalous scatterer in the unit cell will 

where P(yp) is the P D F  of yp. Making use of (8) in (7) be at the centre of symmetry and y p -  1 for each re- 
we obtain: flexion. Hence 

r 2 ] 1 / 2  f Nc(~ °) = L~a~] exp [-0.2y2/20.2]p(ye)dye P(yp)=6(ye- I). (12) 
,~Yp 

['~p Substituting (12) in (10) and carrying out the integra- 
x J[o exp (-y2/2a2) cos h(a~yNyp/a2)dy~. (9) tion by use of the property of the delta function, we 

obtain" 

The integration over YN can be carried out by use of Nc(o~°a)=½[erf(fl+)+erf(fl_)]. (13) 

Table 1. Percentage of reflexions for which ~A -> 5, 10 and 15 ° as a function ofk and a~for the cases P= 1, 2, 4 and M 

~ 2 . . . . .  %1o 0.20 0.so 0.~9 o,5o o.60 o.2o 008o 009o 

] 2 6 II 1 2 k II 1 2 i m 1 2 4 ;4' 1 2 i l+ 1 2 i M 1 2 4 X 1 2 i U 1 2 k M 

(=,-,') 
0.09 11 10 I 9 16 1~ 12 12 19 16 1~ 13 21 11 15 19 22 16 18 15 2~ 17 1~ IS 19 16 I~ 15 14 13 12 13 S 8 ° 10 
0 ,06 17 15 11 11 20 21 16 17 26 24 20 20 11 26 22 22 53 27 23 21 33 27 23 24 31 26 23 24 26 | ~  22 25 17 18 16 20 
0.08 25 20 1° 17 $1 27 25 23 57 32 27 27 81 35 30 $0 04 37 22 32 kS $8 35 34 45 39 30 $5 ~3 $6 $S SO 40 $° $S 37 
0.10 28 25 22 21 $6 $$ 29 26 46 $$ $$ $) $1 03 $7 37 Sk 08 kO 01 07 k° k)  04 5g 02 07 07 61 56 S1 82 g? 62 S7 58 
0,12 33 29 26 25 k6 )S St St St kS 60 $9 SO 51 i t  4k 64 55 66 kS 67 Sg 52 53 71 66 57 58 77 76 65 Ok |7  79 71 72 
0,10 $9 St SO 29 52 kS 39 38 i ]  52 iS 65 67 58 50 SO 72 83 S° 56 77 68 60 SO 62 73 65 66 89 79 73 72 96 87 71 lO 
0.16 04 38 $$ $$ S8 SO kS 43 87 $8 $0 SO 70 60 56 S6 79 69 61 61 84 7S 66 66 go 80 71 71 05 65 78 77 99 gO 62 84 
0.18 68 k1 37 ,6 04 S° k7 k7 73 61 55 55 80 69 60 6] 65 75 65 66 gO 79 70 71 I I  ,k 70 76 : I  86 79 8 ,  100 92 : I  82 
0,20 S$ 68 kS $9 01 S9 Sl 51 78 07 51 S8 85 74 60 64 gO 7q 60 70 gk 83 73 74 87 77 79 60 61 83 100 93 89 
6,22 07 SO 63 42 29 63 S4 84 | $  71 62 62 89 77 67 88 93 82 72 73 97 81 76 77 99 89 79 61 100 91 83 85 100 90 68 gO 
00~4 6]  S$ ~6 kS 71 67 S7 S7 87 70 Ok iS 92 80 70 70 §6 18 70 75 §8 87 78 79 100 go 81 13 100 92 85 87 100 9S 89 91 
0.2~ 65 S6 09 68 81 70 6q 60 gO 77 87 67 05 82 72 73 98 66 76 77 9g 89 7g 81 100 01 82 85 I00 93 86 68 100 US 90 92 
002| 69 51 Sl SO 85 22 62 62 92 79 89 70 96 Ok 70 75 99 17 77 7g 100 90 81 83 100 92 64 86 100 60 87 89 100 96 90 9) 
0.$0 72 62 S$ 5$ 82 75 80 6S ~k 61 71 72 98 85 75 77 90 18 79 11 100 91 82 Ok 100 92 85 87 100 64 88 90 100 g° 9 ]  ~$ 

Nc (ot,=,o 0) 
Oo0, , , , , , , , , ,o , , , 11 , , , , 1 , I  11 1 '  11 , ' d  1: 1~ 1,' 1: : : : : I I ; I O.e~ S 8 7 ° 12 10 S S 1*1 12 10 10 115 13 11 1]  16 16 11 10 
o . o ,  1 ,  lO + . 1 ,  1 ,  12 12 1,  18 . I ,  , 1  1 ,  1 ,  1 ,  22 1 , .  1 ,  21  1 ,  1 ,  1 ,  I ,  . .  1 ,  . 12 1 2 .  . , , 1o 
O. ln  1t 13 11 11 20 17 15 1k 24 20 17 17 26 22 18 18 27 22 19 | 9  27 22 19 19 25 21 18 19 19 17 16 17 ~J~ 12 13 lk  
0012 17 15 11 11 24 20 ]8 17 28 24 20 20 31 26 22 .22 33 27 23 23 33 27 23 20 31 26 23 24 26 2k 21 23 17 18 18 19 
0018 20 17 15 l °  27 24 20 20 33 28 2k 23 36 30 26 26 38 32 27 27 30 33 28 29 37 32 28 29 $k 31 28 2g 27 26 25 27 
0,18  23 20 17 17 31 22 2)  23 37 32 27 27 41 $5 29 29 03 37 31 3? 05 38 33 30 44 30 )k 30 03 30 30 36 39 37 38 3iS 
0o18 2s 22 19 19 $s 30 26 25 41 35 30 30 ks 39 33 33 69 61 36 36 SO 49 36 39 51 65 ko 91 S2 97 k2 64 52 49 46 67 
0.20  26 2S 22 21 38 I~ 29 28 45 39 33 33 SO 03 37 37 50 06 kO kO S6 49 43 kk S8 52 46 k7 61 55 SO 51 68 151 56 57 
0022 $1 17 26 23 62 31 51 49 62 36 36 SS 67 40 tO 59 50 kk 64 62 54 68 48 65 58 52 52 66 63 57 S8 77 71 65 66 
0.20 33 29 26 25 45 ~tg 39 33 03 ~.6 39 39- 59 SO k9 k9 63 55 98 .48 67 sg 52 5~ 71 64 57 57 26 69 62 63 86 79 71 72 
0,?8 $6 $1 27 22 9~ 02 36 36 $7 kg 02 42 63 54 k7 47 68 59 S] 52 72 63 56 S7 77 60 61 62 83 75 67 68 92 81 75 78 
00211 $8 $k 29 29 52 kS $9 36 60 52 kS k5 67 57 50 50 72 62 55 55 76 67 60 60 12 73 65 65 |8  70 71 71- 96 87 71 80 
0o10 i I SO 11 31 S° 07 k ] 40 60 55 07 07 70 61 53 53 76 66 58 58 60 71 63 63 86 76 66 69 92 82 73 70 98 69 I10 82 

°) 
0o04 3 3 k 1 2 3 

0 . 0 , ,  , , , ,o , , , . .  , , . .  , , . , ,  , .  , , .  , .  , 2 .  , , , , , , 2 , , ° 
0010 0 | 7 7 13 11 !0 S 16 13 11 11 17 l i  12 12 18 l °  12 12 18 lk 1 2 ~  l °  12 1• 12 10 10 9 10 3 6 7 8 
0012 11 10 0 J 16 1~ 12 11 19 16 13 13 21 17 14 I~ 22 18 I t  IS 21 17 I t  15 ~g ~ 13 14 13 12 12 13 5 8 9 10 
0.1~ 15 1 |  10 10 18 16 lk 13 22 18 16 15 24 20 17 17 25 21 17 17 25 20 17 17 22 19 ~ 17 17 15 1~ 16 8 10 11 13 
0018 15 13 12 11 2 ]  18 15 15 25 21 18 18 27 23 19 19 29 20 20 20 29 23 20 20 26 22 19 20 22 19 17 19 11 15 14 15 
0°18 17 IS 13 15 23 20 17 17 28 20 20 20 31 26 22 22 52 27 22 21 32 27 23 23 30 26 22 23 26 23 21 22 16 17 17 l g  
0 , J 0  19 16 lk 1~ 26 22 19 19 31 26 22 22 34 29 20 20 36 30 25 26 36 30 26 21 ~S 10 26 22 31 28 25 26 22 22 22 23 
002J 20 18 16 IS 28 2~ 2 ]  21 34 29 20 2~ 37 31 21 27 39 3~ 28 28 ~0 14 20 30 30 ~ 30 31 16 33 29 3 ]  30 2q 27 20 
001~ 22 JO 17 17 31 27 23 22 37 31 27 26 k i  54 29 29 43 16 32 31 kk 37 32 33 05 38 33 34 42 31 )~ 35 38 36 33 30 
0028 Jk 21 19 18 13 29 25 20 30 $k 29 28 kk $7 31 32 06 39 $k 30 kS 01 $6 38 08 02 37 38 08 03 30 kO 06 kk 01 02 
0 ,28  28 21 20 20 +$6 $1 27 26 02 56 31 51 07 kO 50 30 $0 02 37 $7 52 45 39 kO 53 07 41 02 $~ kS kk kS 05 52 08 k°  
0,30 | l  | k  i l  21 58 }$ J8 28 05 18 31 $3 SO t2 36 36 S$ 05 30 kO 55 08 02 kS 57 51 kS ~6 ~$ $4 00 SO $k SO SS 08 
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Two-atom case 
Since the PDF of yp is known to be 

p(yp)_ [/2 1 
- --~ (1_y2/2)x/2, O<_yp<_~/2 

we obtain from (10): 

l I? Nc(~°) - [/2rc [eft (fl + Ye) 

dyp 
+ erf (fl_ yp)] (1 - y2/2)x/2" (14) 

Making the substitution y2/2=x in (14) and then ex- 
pressing the error function in terms of the hyper- 
geometric function by use of equation [1 l(iii)] on p. 46 
of Sneddon (1961), we obtain 

N~(~ °) = - 1F1(7 ,7 , -2 f lZ+x)  

1(7,~, - 2f12-x)] dx +f l_ ,F ,.3. (15) 

which on integration by use of equation [16(i)] on p. 47 
of Sneddon (1961) yields 

Nc(a ° ) = [fl+ 2F2(½,1 "3,7,7,3" -2fz+) 

+ ~ _  2F~(½,1.3,7,~,3. _ 2 ~ _ ) ] .  (16) 

(16) is convenient only when 2fl~: are small. Otherwise, 
a more convenient method to evaluate N~(~ °) is by 
numerical integration of 

Nc(ao)= l f~/2[erf(V2fl+ sin 

+erf([/2fl_ sin 0)]d0 (17) 

which is obtained from (14) after the substitution of 
y,/[/2 = sin 0. 

Using the substitution yp/2 = sin 0 in (19) we obtain 

2 f l  [eft (2fl+ sin 0)+ef t  (2fl_ sin 0)] N~(~ °) = 
a] u 

x K(cos 0) cos 0d0 (20) 

which can be evaluated numerically. 

3. Discuss ion of  theoretical  results 

The complementary cumulative functions of aa for the 
one, two and four-atom cases are obtained in (13), (17) 
and (20) respectively. These equations show that 
Nc(aA) depends on the number of anomalous scatterers 
in the unit cell as well as on k and a 2 (which depend on 
the type of the anomalous scatterer and its fractional 
contribution to the local mean intensity respectively). 
The values* of Nc(aA) as a function of k and a 2 corre- 
sponding to ~A = 5, 10 and 15 ° are given in Table 1 for 
the various cases. The results for the many-atom case 
(i.e. P = M case) of PSV (1970) are also given to facilitate 
the comparison. Table 1 shows that the percentage of 
reflexions for which aA--> 5 °, say, is largest when the 
number of anomalous scatterers in the unit cell is 
least (i.e. P = 1 case). It is also seen that this percentage 
for the two-atom case is about midway between that 
for the one and many-atom cases. It is interesting to 
note that the result for the four-atom case is close to 
that of the many-atom case. We may therefore con- 
clude that, when the values of k and t~ 2 are similar, the 
spurious details in the final difference map due to 
neglect of the anomalous phase angle increase as the 
number of anomalous scatterers in the unit cell 
decreases and that the spurious details would be the 
greatest in the one-atom case. 

One of the authors (MNP) thanks the University 
Grants Commission, New Delhi, India, for financial 
assistance. 

Four-atom case 
Since the PDF of YP is known to be (Parthasarathy, 

1965) 

P(yp)= -~K([ / l -y~/4) ,  O<yp<2 (18) 

we obtain from (10) that 

Nc(c~ °) = ~-~ [eft (fl + YP) + erf (fl_ yp)] 

x K(]//1-y~/4)dyp. (19) 

* For the P :-2 and 4 cases these values were obtained by numer- 
ical integration [see (11), (17) and (20)]. 
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